We determine the class of axisymmetric and asymptotically flat black-hole spacetimes for which the test Klein-Gordon and Hamilton-Jacobi equations allow for the separation of variables. The known Kerr, Kerr-Newman, Kerr-Sen and some other black-hole metrics in various theories of gravity are within the class of spacetimes described here. It is shown that although the black-hole metric in the Einstein-dilaton-Gauss-Bonnet theory does not allow for the separation of variables (at least in the considered coordinates), for a number of applications it can be effectively approximated by a metric within the above class. This gives us some hope that the class of spacetimes described here may be not only generic for the known solutions allowing for the separation of variables, but also a good approximation for a broader class of metrics, which does not admit such separation. Finally, the generic form of the axisymmetric metric is expanded in the radial direction in terms of the continued fractions and the connection with other black-hole parametrizations is discussed.
I. INTRODUCTION
Recent progress in observations of black holes and their environment in the gravitational [1] and electromagnetic [2] spectra made it important to develop a general formalism or parametrization allowing one to describe black holes in any metric theory of gravity. The only general parametrization of this kind for axisymmetric and asymptotically flat black holes was suggested in [3] and further tested in [4, 5] . There, any axially symmetric and asymptotically flat black-hole metric can be represented in terms of a number of parameters which could be fixed through observations of the behavior of the black hole in both regions: near the event horizon (where the strong gravity regime matters) and far from the black hole (where the post-Newtonian expansion is implied). The usage of the continued fractions [6] provided the strong hierarchy of the orders of parametrization and the quick convergence of the expansion used. Nevertheless, the price for being a truly general parametrization is a rather large number of parameters which must be fixed by the experimental data.
Therefore, here we will constrain the class of solutions and consider black-hole metrics written in the coordinates which guarantee the separation of variables in the Klein-Gordon and Hamilton-Jacobi equations. The other motivation for considering such special spacetimes is a simplification of the analysis of scalar fields and parti-cles' motions, which makes it possible to give an analytical treatment for a number of problems, such as quasinormal modes, scattering and other wave phenomena, gravitational lensing, black hole shadows, etc. After all, there is still no evidence that the black holes which we observe via gravitational waves or electromagnetic spectra of their environment have a symmetry which does not allow for the above separation of variables. The current uncertainty in the measurement of the mass and angular momentum of the resultant black hole does not allow to strongly constrain the black-hole geometry by observing the ringdown phase only [7] .
However, here we shall not study such an issue as general conditions for the separability of the variables in both equations. The latter is intrinsically related to the symmetry of the background metric [8] and includes the search for the coordinates which allow the separability. The seminal work on the generic separability of the KleinGordon and Schrödinger equations in the background of a solution of the Einstein equations (independently of the physical interpretation of this solution, and thus, not only, but including black holes) was done by Carter [9] 1 . Being aimed at testing the strong gravity regime and alternatives of Einstein gravity, here we have a different task: to consider asymptotically flat and axisymmetric spacetimes describing a Kerr-like black hole, but in an arbitrary metric theory of gravity. The Kerr-like black holes which we describe here have a number of features of the Kerr spacetime. They have the same quadrupole moment, possess a spherical horizon, mirror symmetry, etc.
Therefore, we will use a more practical approach. We know the way in which the separation of variables occurs for the well-known black-hole metrics, such as Kerr, KerrNewman, Kerr-Sen, etc. Here we generalize this procedure of the separation of variables in some sense. We show that, under the rather basic assumptions of asymptotic flatness, existence of a compact event horizon and a special way of separating the variables, the resultant class of black holes requires the spheroidal harmonics for the angular part of the dynamical equations, as it occurs for the Kerr solution. Such constrained spacetimes have three arbitrary functions of the radial coordinate which must be fixed to produce the known black-hole metrics (Kerr, Kerr-Newman, Kerr-Sen, and others) a priori allowing for the above separation of variables.
Further we shall consider the rotating Einstein-dilatonGauss-Bonnet (EdGB) black-hole spacetime, which was obtained in [11] in the form of expansion in terms of [11] or slow rotation and coupling constants. We shall show that the test scalar field in the background of this metric, written in the coordinates of [11] or [3] , does not allow for the separation of variables. Nevertheless, we shall show that for a number of applications (such as the position and frequency of the innermost stable circular orbit, binding energy, etc.) the terms in the expansion violating the separation of variables can be safely neglected. This gives us some hope that the class of black-hole metrics described here and the associated parametrization derived can be used not only as an accurate description of Kerrlike black holes, but also as an effective approximation for much more general class of black-hole solutions.
The class of axisymmetric metrics allowing for the separation of variables in the Hamilton-Jacobi equations alone was considered recently in [12] and we shall show that the class of metrics considered in the present paper is a subclass of the metrics described in [12] . In the general case the Johannsen metric [12] does not allow for the separation of variables in the Klein-Gordon equations.
The paper is organized as follows. Sec. II is devoted to deduction of a general form of the metric allowing for the separation of variables in the Klein-Gordon and Hamilton-Jacobi equations. In this form there are three functions of the radial coordinates which must be fixed for any particular case. In Sec. III A we will relate the obtained metric with the Carter ansatz, while in Sec. III B we will show that the axisymmetric metric of [12] does not allow for the separation of variables in the KleinGordon equation and includes our axisymmetric ansatz as a particular case. In Sec. IV we write down the form of these three functions for various black-hole metrics, such as Kerr, Kerr-Newman, Kerr-Sen, etc. and show that the rotating Einstein-dilaton-Gauss-Bonnet blackhole spacetime does not belong to the considered class. In Sec. V we compute the binding energy of the EdGB black hole with and without terms that violate the separation of variables, while in Sec. VI we do the same for the other characteristic variable: the frequency at the innermost stable circular orbit. Finally, in the Conclusion we discuss the obtained results and further perspectives of our approach.
II. GENERAL FORM OF THE BLACK-HOLE METRIC WITH SEPARABLE KLEIN-GORDON AND HAMILTON-JACOBI EQUATIONS
A. Separation of variables in the Klein-Gordon equation
Here we will imply that the spacetime under consideration is 1. axially symmetric, 2. asymptotically flat, 3. possesses a compact event horizon.
Having in mind the above, we will write the arbitrary axially symmetric metric as follows [3] :
The event horizon is determined by the equation N (r, θ) = 0. Instead of angular variable θ, we will use y = cos θ, so that the previous relation can be rewritten in the following way:
We will require that the Klein-Gordon equation for a massive scalar field
not only allows for separation of variables in the chosen coordinates, but that this separation occurs in a similar fashion with the Kerr black hole. Namely, we imply that, after the extraction of a prefactor N p (r, y)B q (r, y) from the generic wave-like function Φ(t, r, y, φ), the equation for the remaining function Ψ(r, y) is separable. Taking into account the Killing vectors ∂ t and ∂ φ , this will lead to the following ansatz for the scalar field:
4. The above method of separation of variables is our fourth assumption. Here one can certainly choose p and q to be zero, but we would like to see whether the nonzero values of p and q bring broader possibilities for the allowed forms of N (r, y) and B(r, y).
Then, using (4), the test field equation (3) takes the form
+T (r, y)
where P , Q, T , and U depend only on N , B, and their derivatives. The "free term" with the effective potential V (r, y, ω, m) comes from tt, tφ and φφ derivatives in (3) . Although the simplest case p = q = 0 satisfies all the requirements, it would narrow the class of black-hole solutions considered here, allowing for the separation of variables.
The necessary conditions for the separability in the chosen variables (r and y) are the following:
a) The ratio
must be a function of y only.
b) The ratio
must be a function of r only.
c) The effective potential V (r, y, ω, m) must also be representable in a form with separated variables in a special way which will be discussed below.
We calculate derivatives of the right-hand side of (6) and (7) with respect to r and y and obtain two homogeneous equations, which for p + q = −1/4 have only the trivial solution Further we shall constrain ourselves to the asymptotically flat black holes, so that, since
When p + q = −1/4, the linear system (6) and (7) allows for a nontrivial solution
which we do not consider here, because the function B vanishes at the event horizon (N = 0). Thus, we will continue with the metric which has the following form:
Equation (5) now takes the following form:
where H(r) depends on R N , R B , and their derivatives. For simplicity we here choose p = q = 0, and thus H(r) = 0. The choice of nonzero p and q, allowed by our assumption (4), evidently makes the calculations more involved, but does not lead to any broader class of the resultant metric functions N (r, y) and B(r, y).
In order to separate variables we require that the coefficient in front of Ψ in (9) be sum of a function of r and a function of y for any given ω, m, and µ. This coefficient is an effective potential V (r, y, ω, m) up to the multiplier which depends on r and y. Thus, here comes the separability of the effective potential which we mentioned in condition (c). Then, we imply that
Using again the asymptotical flatness, we observe that
Further we will have to expand functions of y around y = 0, so that it is necessary to fix here the values of S W , S K and S Σ at y = 0. It is evident that as R W (r), R K (r) and R K (r) are some functions of r, which are not fixed, then the choice of constants S W (0), S K (0) and S Σ (0) will simply redefine the above functions of r, so that we choose S W (0) = S K (0) = S Σ (0) = 0 without loss of generality.
Let us now consider the condition on the factor in the two terms proportional to m 2 in eq. (9), which we denote as F (r, y),
First we find that, in the equatorial plane (y = 0), one has
.
Since the asymptotic behavior
is fulfilled, then
In addition, we find that
Since F (r, y) is also a sum of a function of r and a function of y, we conclude that
Comparing the right-hand sides of (11) and (13), we obtain an equality, which must be satisfied for any r and y
Taking the limit y → 1 in the above relation (14), we find that
Substituting (15) into (14) and expanding in terms of r −1 , we find that
Finally, using (15) and (16), we reduce (14) to the following form
. It is convenient now to introduce a rotation parameter a ≡ ± S K (1), so that
and
For convenience we introduce a new finite function R M (r), such that
Finally, three arbitrary functions of r remain: R M , R B , and R Σ . The function R N (r), which defines the event horizon, is given
The general metric, for which we are able to separate variables, takes the following form:
Thus, the metric coefficients depend on the tree functions of the radial coordinate R B (r), R Σ (r), and R M (r). However, we still have the freedom to choose the radial coordinate, so that only two of these three functions are independent. In the next section we will give examples of such choices. In particular, in a number of cases the choice R Σ (r) = 1 will be convenient, corresponding to the Boyer-Lindquist coordinates for the Kerr metric. The Kerr-Sen metric is usually given in the coordinates for which R B (r) = 1, corresponding to Schwarzschild-like coordinates in the nonrotating limit a → 0.
B. Master equation for a scalar field
The function Ψ(r, y) = R(r)S(y), where the angular function satisfies the following equation:
where λ is the separation constant, which can be found for any particular values of ω, a, µ as spheroidal eigenvalues either numerically (see, for example, [13] and reference therein) or, for instance, in the form of an expansion in terms of small aω [14] . The radial equation has the form
Here
By introducing a new function,
and the tortoise coordinate as
with the effective potential
C. Separation of variables in the Hamilton-Jacobi equation
It is interesting to notice that the Hamilton-Jacobi equation,
is also separable for the metrics (22). Indeed, after introducing the integrals of motion,
we obtain
which evidently has separable variables. In [15] it was shown that the separability of the KleinGordon equation usually implies the separability of the Hamilton-Jacobi equations as well and the latter implies also the existence of the additional (Carter) constant. This class of metrics belongs to type D according to the Petrov classification and describes compact objects whose multipole moments can be expressed in terms of mass and angular momentum. On the other hand, if the Hamilton-Jacobi equations are not separable, the KleinGordon equations are usually not separable as well [15] . This agrees with our analysis, showing that for this particular method of separation of variables, the separability of the Klein-Gordon equation constrains the allowed form of the metric more than the requirement of the separability of the Hamilton-Jacobi equations. Usually the existence of the Carter constant is associated with the Killing tensor of the second order, which should also be expected in our case. However, we do not study this issue and refer interested readers to the exhaustive review [16] .
D. Final remarks on the obtained class of metrics
Summarizing this section, as a result of our assumptions (1-4) we have obtained a class of metrics given by Eqs. (2) and (22), which
• allow for separation of variables for the KleinGordon (with a massive term) and Hamilton-Jacobi equations;
• have a spherical horizon;
• have a well-defined angular momentum at infinity, corresponding to the asymptotic g tφ = −4Ma sin 2 θ r , as r → ∞ (this behavior follows from the asymptotic flatness, which implies that R M = 2M + O(r −1 )); and
• possess mirror symmetry relative to the equatorial plane, which follows from (18).
One should note that, apart from the asymptotic flatness conditions, the radial coordinate is not fixed allowing for the freedom to choose one of the three radial functions in (22).
For example, by defining the new radial coordinate through
one can transform the coordinates in order to have
Another choice of the new radial coordinate
leads to
In other words only two of the three functions, R M , R B , and R Σ , are independent. The third one can be fixed by choosing the radial coordinate.
III. RELATION OF THE OBTAINED METRIC WITH THE EARLIER APPROACHES
Here we shall learn how the above-obtained black-hole metric is related to two similar approaches that exist in the literature. Namely, we shall discuss Carter's approach developed in [15] and Johannsen's approach for the Hamilton-Jacobi equation [12] .
A. Relation to the Carter ansatz
In [15] Carter suggested an axisymmetric generalization of the spherical spacetime allowing for the separation of variables. The resultant metric (not necessarily describing a black hole) was given in the following form (Eq. (5.18) in [15] )
Comparing (33) for large r with the asymptotic expansion for a rotating body (see (13) in [3] )
we find that
The metric (33) with the conditions (35) is a particular case of the metric (1) with the functions (22) given by
R B (r) = 1.
In other words, the radial coordinate in Carter's paper is fixed as in (31).
B. Relation to the Johannsen deformation of Kerr
In [12] Johannsen proposed a deformation of the Kerr black hole for which the Hamilton-Jacobi equation is separable. This weaker condition is satisfied by a more general class of the metrics, given by the following metric coefficients:
For the metric (37) it is possible to show that the equation (5) is not separable, unless the following condition is satisfied:
When (38) is fulfilled, then Eqs. (37) are reduced to (1) with the functions (22) given by
Thus, it can be seen that the class of metrics described here is a subclass of the metrics considered in [12] .
IV. AXISYMMETRIC BLACK HOLES
Here, in the first four subsections we shall show how various known black-hole metrics which allow for the above separation of variables can be represented within the obtained class of metric by fixing the functions R M (r), R Σ (r), and R B (r). The last subsection is devoted to the rotating black hole in the Einstein-dilatonGauss-Bonnet theory which, in the general case, does not allow for the separation of variables, but which, as it will be shown, for some applications can effectively be approximated by a metric allowing for the separation of variables.
A. Kerr metric

Choosing in Eqs. (22)
we obtain B(r, y) = 1,
Then (1) reproduces the Kerr metric in the BoyerLindquist coordinates
B. Kerr-Newman metric
The Kerr-Newman metric is obtained by choosing
Then (1) reproduces the Kerr-Newman metric in the Boyer-Lindquist coordinates
we obtain a deformation of the Kerr which does not change the post-Newtonian parameters B(r, y) = 1,
In this way in (1) we obtain the black-hole metric suggested in [7] 
D. Kerr-Sen metric
The Kerr-Sen metric is obtained by choosing
After introducing µ = M − b we obtain B(r, y) = 1,
The metric (1) reads 
E. Black hole in the Einstein-dilaton-Gauss-Bonnet theory
The metric for the axially symmetric black hole in the Einstein-dilaton-Gauss-Bonnet theory was found perturbatively in [11] . Here we shall use that metric rewritten in terms of the radial coordinate, such that (22b) is satisfied, and, consequently, expanded with respect to y [3] . This way, we take the black-hole metric in the form with R Σ (r) = 1,
where ζ ≡ 16πα 2 /βM 4 is a small dimensionless parameter, α and β are the Gauss-Bonnet and dilaton coupling constants, respectively.
It is easy to see that if one takes
then the functions B and N 2 , given by
are reproduced precisely on the equatorial plane. Once the above choice is made and, in addition, if we require the separation of variables, the functions W and K 2 must be defined as follows:
Then, the functions W (r, y) and K 2 (r, y) get small corrections proportional to aζ and a 2 ζ, respectively.
As a result we have obtained the metric, given by Eqs. (50), which allows for the separation of variables and can serve as an approximation of the EdGB black hole. In order to test this approximation in the equatorial plane in the next section we will calculate the frequency at the innermost stable circular orbit (ISCO) and the binding energy for the full black-hole metric (48) and its approximation derived here (50). These quantities do not depend on the function B.
V. BINDING ENERGY AND FREQUENCY AT THE INNERMOST STABLE CIRCULAR ORBIT A. Binding energy
The binding energy is the amount of energy released by the particle going over from a given stable circular orbit located at r i to the ISCO at r ISCO , i.e.,
where the initial circular orbit r i is normally considered to be at spatial infinity. The binding energy is the simplest characteristic that may be associated with the amount of energy the accreting matter releases before falling onto the black-hole event horizon. It was calculated for various black holes in [17] . Defining the four-momentum of a massive particle as
where s is an invariant affine parameter, we also recall that in a stationary, axisymmetric metric there are three integrals of motion which can be related to the particle's rest mass m, to its energy E = −p t , and its angular momentum L = p φ . The normalization condition on the four-momentum
leads to the following relation in the equatorial plane
where the effective potential is defined as
(55) The energy E and momentum L of a particle on a circular orbit at radial position r can then be determined from the requirements that
where ′ indicates a derivative in the radial direction. Once the expressions for L(r) and E(r) have been obtained in this way, the position of the ISCO, r ISCO , is computed from the additional condition V ′′ eff (r) = 0. Finally, we find the binding energy for a particle in the background given by the metric (48),
where + and − signs correspond to the co-and counterrotating ISCO, respectively. The particle's binding energy in the background (50) is given by,
The difference between (57) and (58) is practically negligible, being approximately 2 orders smaller than the effect expressed in the coefficients proportional to aζ and a 2 ζ.
B. ISCO frequencies
We also calculate the corresponding ISCO frequencies, which are given by the following general formula
For the metric (48) we find (cf. [18] )
while for the metric (50) we obtain
Again the difference between (60) and (61) is approximately 2 orders smaller than the effect expressed in the coefficients proportional to aζ and a 2 ζ. Summarizing this section we conclude that the terms violating the separability of variables in the Klein-Gordon equation can be safely neglected in the Einstein-dilaton-Gauss-Bonnet rotating black-hole metric, at least when one is limited by estimations of such effects as the binding energy, position and frequency of the innermost stable circular orbit in the equatorial plane, etc.
VI. PARAMETRIZATION
In [3] the most general parametrization for an arbitrary axially symmetric and asymptotically flat black hole in any metric theory of gravity was suggested. In other words any axially symmetric black-hole metric can be expressed in terms of a number of parameters, in a similar fashion as the post-Newtonian parametrization, but in such a way that some of the parameters are fixed by the spacetime behavior near the event horizon and others by the behavior far from the black hole. Here, contrary to the most general parametrization, we consider the more narrow class of black-hole metrics with a guaranteed separation of variables in the Klein-Gordon and HamiltonJacobi equations. This class of black holes evidently can be described within the general parametrization as well and the requirement of separability must impose some constrains on the values of some parameters in the general parametrization. Here we shall study this issue.
A. The general parametrization for rotating black holes
Here we shall briefly relate the general parametrization of asymptotically flat and axisymmetric black holes developed in [3] . The metric components are functions of both the radial and the polar angular coordinates, forcing a double expansion to obtain a generic axisymmetric metric expression. The radial dependence is expressed in the form of a continued-fraction expansion in terms of a compactified radial coordinate. The dependence on y has the form of a Taylor expansion in terms of y. These choices lead to a superior convergence in the radial direction and to an exact limit on the equatorial plane. Thus, the expansion in y has the following general form
where we introduced the compact coordinate
and r 0 is the horizon radius in the equatorial plane.
The asymptotic coefficients in
are designed in such a way that they fit the required post-Newtonian behavior far from the black hole and the functionsÃ i (x),B i (x),W i (x),K i (x) are fixed by the behavior of the spacetime near the event horizon:
The radial coordinate is chosen in such a way that
k 01 = 0.
Notice, that the expansion in the radial direction alone can be effectively used to numerically represent spherically symmetric black-hole solutions in a compact analytical form [19] .
B. Constrains on the general parametrization for a black hole allowing for the separation of variables
In order to satisfy the condition (62a), we fix the radial coordinate as (32). Comparing the general expansion (62) with the metric (22) we find that for our class of metrics one has A i>0 (x) = 0, (66a) K i>2 (x) = 0, (66b) W i>0 (x) = 0, (66c) B i>0 (x) = 0,
while, taking into account the radial dependence, we find that holes allowing for the separation of variables in the KleinGordon and Hamilton-Jacobi equations. Instead, we were interested in a more practical question of describing black holes with the Kerr-like symmetry: the metrics considered here have a spherical event horizon and the same quadrupole momentum as the Kerr solution, resulting in the same spheroidal harmonics for the angular part. This class of black holes, however narrow it is, includes the known exact analytical black-hole solutions and many other black-hole metrics obtained by deformations of the Kerr metric or stipulated by some braneworld or cosmological scenarios etc. For example, in addition to the Kerr, Kerr-Newman, Kerr-Sen and the deformed non-Kerr spacetimes considered here, our parametrization can be used to describe a rotating black projected on a brane [20] or black holes generated by a quintessential field [21] . Our class of metrics is different from that considered by Johannsen [12] in two aspects. First, our metrics allow for the separation of variables not only in the HamitonJacobi, but also in the Klein-Gordon equation. This way our metrics form a subclass of spacetimes considered in [12] . Another aspect is related to the parametrization with respect to the radial coordinate. While Johannsen's approach is based on the Taylor 1/r expansion, we used the continued-fraction approach and achieved thereby the superior convergence. Within the framework of Johannsen's approach there remains the problem of the roughly equal contribution of lower and higher terms of the expansion (treated in [3, 6] ), when the clear hierarchy of parameters is absent. Finally, we have obtained a much simpler class of axisymmetric black-hole spacetimes, which allows for a simpler analytic treatment for a number of problems.
In addition, we have shown that for some physical applications the considered class of spacetimes can be an effective approximation for black-hole metrics which do not allow for the separation of variables. Our work can be further improved in this direction by the analysis of the accuracy of the proposed approximation of the EdGB black hole outside the equatorial plane.
